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Abstract: The a-type multistep methods have the form of 
Yn+k - %Y,,+k-I +(% -l)Y,,+k-2 = hn+k c &fn+, 
r=O 
where 0 < (rn < 2. They are stable for all order and step size changing sequences when implemented in a variable 
coefficient form. This paper will discuss some of the results of when these methods are applied to stiff differential 
equations. 
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1. Introduction 
An important concern during the 
ordinary initial value problem 
y’(x) =f(x, y(x)>, x E 
past two decades has been the numerical solution of the 
1% bl CR, y(a) =y,, a<b (I4 
where y, f~ll3~ and y(x) = d y/dx. It is assumed that the function f is continuous and 
uniformly Lipschitzian with respect to the second argument. It is known that (1.1) has a unique 
differentiable solution y(x), on [a, b], [8, p.1121. 
The methods that will be used to solve this problem are general linear k-step (multistep) 
formulas of the following form 
k 
C ai,nYn+i = hn+k ZE Pi,nfn+i (l-2) 
i=O i=O 
where the (Y~,~, pi,+ are functions of the method and the previous k step sizes. Two methods that 
will be of particular importance are the backward differentiation formulas of order k (BDF-k), 
i.e., 
C ai,nYn+i = hn+kPk,nfn+k, 
i=O 
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and the a-type formulas of order k (aTF-k), i.e., 
Yn+k - %Yn+k-l+ hl - nYn+k-2 = hn+k 2 Pi,nL+i 
i=O 
where 0 -C (Y, < 2. The arTF reduce to the well known Adams-type formulas when (Y, = 1 for all 
n. 
2. Changing step size 
If hn+k = h, CY~,~ = cxi and & = pi for all n then the method reduces to a constant coefficient 
method with a fixed step size h. This instance of a multistep formula is well understood [S]. 
For reasons of efficiency one needs to be able to change the step size as the integration 
proceeds. There are two basic methods to do this. The first is to interpolate the previously 
calculated back points and use this to determine the new back points at a new grid spacing. The 
GEAR package uses this method, [9]. The main problem with this method is that frequent 
changes in the step size may cause instability in the calculated solution. The second method is to 
allow the step size to vary and maintain the proper order by adjusting the coefficients in the 
multistep method. EPISODE is such a package [2]. This method is generally superior to the first 
method in terms of stability. 
If the step size is kept fixed then both the cllTF and the BDF are zero-stable, i.e., stable as the 
step size tends to zero. However, if the step size is allowed to vary then the aTF remain 
zero-stable for all order and step size changing sequences when implemented in a variable 
coefficient form [15,16]. (The cllTF have been implemented for solving nonstiff differential 
equations in [14].) However, the BDF do not necessarily remain zero-stable (even for a fixed 
order) when the step size is varied. 
3. Solving stiff differential equations 
Zero-stability is not a strong enough characteristic to solve stiff differential equations 
efficiently. At a minimum one would like their method to be A,,-stable. A multistep method is 
A&able if when applied to the test equation y ’ = hy with A -C 0, then all numerical approxima- 
tions tend to zero as n + cc for any fixed positive step size h. 
In the fixed step size case A,-stability has been completely classified for both the aTF and 
BDF. A,-stable BDF exist for orders l-6. Families of A,-stable (YTF exist for orders l-4 but it 
can be shown that none exist for orders greater than 5 [12,13]. This last result generalizes the 
results in [6]. 
In the variable step size case A,,-stability is more difficult to characterize. Dahlquist, Liniger 
and Nevanlinna have used a less general characteristic called A,-contractive to completely 
characterize the order 2 case [3]. At order 2 there exist aTF that are A,-contractive but the 
BDF-2 is not A,-contractive. For orders higher than 2, it can be shown using results from [ll] 
that there exist no A,-contractive BDF or aTF. (The BDF fail this criterion when hh is near 
zero.) The question arises as to how one should approach the case for higher order methods of 
the a-type. 
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4. A necessary condition 
If we define 
then it has been pointed out in [3] that a necessary condition, to produce a bounded solution on 
the test equation y’ = X(x) y with h(x) < 0 using any positive step sequence { h, }, is that the 
roots of p,,( 5) all have modules less than one where p,, = h( x,) h, < 0. This condition on p,( 5) 
will be called the damped root criterion (DRC). 
The aTF have two undetermined coefficients that are not used to maintain order. These free 
parameters were arbitrarily chosen to be (Y,, and fik,n. Using these parameters it was sought to 
have the (uTF of orders 2-4 satisfy DRC for as large of step size changes as possible. This 
represents a necessary condition but not a sufficient one. 
Given p,(t) it is possible to make a boundary locus plot in the p,, complex plane in exactly 
the same fashion as one does in the fixed step size case [lo]. One can use this plot to help 
determine values of (Y,, and /3,,_ that will restrict the unstable region from entering the left-hand 
p,, complex plane as much as possible. 
Definition. The associated p,-polynomial (4.1) for the method (1.2) satisfies the damped root 
criterion for the angle 8 > 0 (DRC( 0)) if p,( [) satisfies DRC whenever 1 Arg( - X(x, )) ( < 0. 
Remark. In the fixed step size case DRC( 0) implies classical A( r3)-stability. It is interesting to 
note that a method of order 3 or higher can satisfy DRC(90 “) if the step size is not fixed. If the 
step size is fixed, then this would imply classical A-stability which is not possible for methods of 
the form (1.2) with order 3 or greater. 
Definition. The associated p,-polynomial of (1.2) satisfies the damped root criterion for all 
X(x,) -C 0 (DRC,) if p,,(t) satisfies DRC whenever X( xn) < 0. 
Remark. In the fixed step size case DRC, implies classical A,-stability. 
In order to characterize DRC, for a particular method it is helpful to use the notion of a 
Hurwitz polynomial and an algorithm given by Duffin [4]. However, the algebra for the variable 
coefficient case is quite cumbersome and the order 4 case was done by numerical techniques [13]. 
Boundary locus plots were made for the CXTF and BDF for various step size ratios, i.e., 
h, +k/hn_-k_ I. The stability of these plots was recorded in terms of DRC( 0) and DRC,. The two 
free parameters in the aTF where adjusted to maximize 8 in DRC( 0). 
5. General results 
At order 2-4 both the BDF and cllTF satisfy DRC( 0) for 8 > 0 whenever the step size ratios 
are decreased. Decreases in step size increase 8 according to this criterion. The opposite is true 
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Table 1 
List of 0 in DRC(0) for different A in the BDF-2 and aTF-2 methods 
A 0.5 1 1.5 2 2.5 3 
BDF-2 90” 90” 76” 52O _ _ 
aTF-2 90” 90” 90” 90” 9o” 9o” 
A dash indicates that no positive 0 exists. 
for step size increases. Step size increases decrease 13 according to this criterion. Also, higher 
order methods tend to be more sensitive to these step size increases. This was true for both 
methods. 
The (YTF-2 can satisfy DRC(90 ” ) for all step size increases, whereas the BDF-2 cannot satisfy 
DRC, whenever the step size is increased by more than a factor of 1 + fi. For the aTF-3 
consecutive step sizes can be increased by factors of approximately 2.25 and maintain DRC,, 
whereas the BDF-3 cannot be increased by more than 1.62. At order 4 the two methods are more 
comparable. They are both bounded by consecutive step size increase factors of about 1.2 in 
order to satisfy DRC,. It is interesting to note that these are relatively small compared to the 
step size ratios often allowed. 
Since a and Pk are free parameters, there are families of aTF at each order. In [13] specific 
values for (Y and Pk are determined at each order. The following tables are based on these results 
and given an indiction of what one can do in an attempt to keep 0 large in the DRC(B). Let 
A = h,,+/h,, be the step size ratio used. Table 1 compares DRC( 0) for the aTF-2 and BDF-2. 
Remark. With A = 1 it is well known that the BDF-2 satisfies DRC(90 “) since it is A-stable. 
In Table 2 let A represent consecutive step size ratios for the BDF-3 and a-TF-3, e.g., A = 2 
implies the step sizes are being doubled at each step. 
In Table 3 A represents consecutive step size ratios for the BDF-4 and aTF-4 methods. 
Table 2 
List of 0 in DRC(0) for different A in the BDF-3 and aTF-3 methods 
A 0.5 
BDF-3 90” 
aTF-3 90” 
A dash indicates that no positive 0 exists. 
1 1.5 2 
86” 26” - 
86” 63” 42” 
Table 3 
List of 0 in DRC( 0) for different A in the BDF4 and aTF-4 methods 
A 
BDF-4 
aTF-4 
0.5 1 1.1 1.15 
90” 73O 55O 42O 
90” 67” 58” 52” 
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Table 4 
Results of numerical testing of GEAR, ISU, VARBDF, and aTF on Problem 1 
Package 
GEAR 
ISU 
VARBDF 
aTF 
Eps Steps 
1o-6 123 
1O-4 73 
lo-* 33 
1O-6 163 
1o-4 107 
lo-* 52 
1ovj 119 
1o-4 83 
lo-* 39 
1o-6 134 
1o-4 63 
lo-* 26 
Error 
5.7x1o-6 
3.3 x 1o-4 
3.0x10-* 
5.5x1o-6 
8.8 x 1o-5 
1.2x1o-3 
1.3 x 1o-5 
4.2~10-~ 
2.1 x 10-2 
4.5x10+ 
3.4x 10-4 
1.5 x lo-* 
Table 5 
Results of numerical testing of GEAR, ISU, VARBDF, and aTF on Problem 2 
Package 
GEAR 
ISU 
VARBDF 
aTF 
Eps Steps 
10K6 192 
1o-4 109 
lo-* 48 
10-6 237 
1o-4 151 
lo-* 73 
10-6 194 
1o-4 98 
lo-* 48 
1o-6 203 
1o-4 104 
lo-* 34 
Error 
8.0~10-~ 
6.1 x 1O-4 
3.5 x lo-* 
4.5 x 1o-5 
9.2~10-~ 
4.2x10-* 
4.5x1o-5 
2.ox1o-3 
4.8 x lo-* 
4.5 x10-5 
5.6 x 1O-4 
2.1 x 10-2 
Table 6 
Results of numerical testing of GEAR, ISU, VARBDF, and aTF on Problem 3 
Package 
GEAR 
ISU 
VARBDF 
aTF 
Eps Steps 
10-6 168 
1o-4 83 
10-2 38 
10K6 178 
1o-4 110 
lo-* 51 
10-6 153 
1o-4 67 
lo-* 30 
1o-6 147 
10-4 65 
10-2 25 
Error 
6.5 x~O-~ 
3.4x 1o-4 
2.3 x lo-* 
1.ox1o-5 
2.5~10-~ 
2.9x10-* 
9.2x10K6 
3.7 x 1o-4 
2.8 x lo-* 
7.8 x 1O-6 
2.7 x 1O-4 
7.6~10-~ 
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6. Numerical testing 
Four software packages were used to solve the same set of stiff problems. 
,i:; 
(iii) 
(iv) 
The GEAR package which uses the BDF for orders l-5. It is a fixed coefficient package. 
The ISU package which uses the BDF for orders l-4 and different operators for orders 
5-7, [l]. It is a fixed coefficient package. 
The cllTF package which uses a set of aTF for orders 1-4, [13]. It is a variable coefficient 
package. 
The VARBDF package which is the same as the aTF package except that it uses the BDF 
for orders l-4 in a variable coefficient implementation. 
Four different problems with error tolerances of 10e2, 10-4, lop6 were run on each of the 
four software packages. Problem 1 was a 2 X 2 linear problem given by Gear in [7, p. 2101. It has 
real eigenvalues of - 1000 and - 1. Problem 2 is a 4 X 4 nonlinear problem proposed by Krogh 
and given in [7, p. 2181. Problem 3 is a 6 X 6 linear problem with eigenvalues of - 0.1, -0.5, - 1, 
- 4, - 10 k 8i. This problem was proposed by Enright, Hull, and Lindberg. It is problem B3 
found in [5]. Problem 4 is highly oscillatory with all of its eigenvalues near the imaginary axis. 
For this reason it is a difficult problem for multistep methods. It has the following form: 
J’; = - lo)‘, + %J’,, 
y; = - 5oy, - lOy,, 
~3’ = -40~s + 200y4, 
y4’ = - 2ooy, - 4oy4 ) 
y; = -0.2ys + &, 
Y; = -zys - 0.&, 
The eigenvalues of the resulting 
integrated on the interval [0, 201. 
Y,(O) = 0, 
Y2(0) = 1, 
h(O) = 0, 
Y4W = 1, 
A(O) = 0, 
y6(O) = I. 
Jacobian are - 10 & 5Oi, -40 + 200i and -0.2 + 2i. It was 
Table I 
Results of numerical testing of GEAR, ISU, VARBDF, and (uTF on Problem 4 
Package 
GEAR 
ISU 
VARBDF 
(YTF 
EPS Steps 
10-6 1184 
1o-4 824 
10-z 150 
10-6 1176 
1o-4 3644 
10-z 174 
10-6 1176 
10-4 983 
10-2 903 
10-6 826 
1o-4 308 
10-2 127 
Error 
1.6~10-~ 
1.5x10-3 
1.1 x10-l 
7.7x10-5 
3.2~10~’ 
7.2x10-* 
2.9~10-~ 
1.0x 10-3 
2.3x10-’ 
3.1 x 10-5 
1.8~10-~ 
6.3 x 10K2 
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The results are listed in Tables 4-7. Methods were judged on two criterion: number of steps 
required and maximum global error. A note might be in order about problem 4. For an error 
tolerance of 10P4, both GEAR and ISU became ‘locked’ on the order 4 BDF and experienced 
step increases followed by step decreases. VARBDF experienced this for every error tolerance. 
The clrTF package, however, experienced only step increases which resulted in significantly fewer 
steps with comparable errors. Since GEAR, ISU, and VARBDF all use BDF-4, whereas CYTF 
does not, one becomes more suspicious of the stability of the operator than of the packages 
themselves. The results can also be found in [13]. 
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